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Introduction: pump-probe technique 

⇨ Time domain:     conductivity change , depending on time delay t 

⇨ Energy domain: change in the conductivity spectra 

October 4, 2016 

» Pump-probe spectroscopy 

⇨ Pump pulse: excitation of the system with an intence pulse. Induces dynamics.  

⇨ Probe pulse: measuring with less intence pulse after time delay t.  

Makes „snapshots“ of a nonequilibrium state 

» Two kinds of information can be extracted: 
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Types of nonequilibrium experiments 

p
o
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n
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a
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optical control 

» New transient  ground state 

nonequilibrium spectroscopy 

» Recovery of SC condensate 

» Cooper pair formation dynamics 

» SC glue 

October 4, 2016 
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Outline 

Part 1 
Induced Superconductivity  

in the extended Hubbard Model 

Part 2 
Order parameter oscillations 

in Superconductors 

p
o
te

n
ti
a
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optical control 

New! Higgs spectroscopy 

» New transient  ground state 

» Direct detection of the SC gap 

October 4, 2016 

N. Bittner, T. Tohyama, and D. Manske, in preparation 

H. Krull, N. Bittner, G. S. Uhrig, D. Manske, and A.P. Schnyder, 
Nat. Commun. 7:11921 (2016) 



Motivation: Induced superconductivity? 
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II. Bilayer Cuprate 𝑌𝐵𝐶𝑂 T= 100K 200K 330K 

A. Cavalleri et al. Nature, 516, 71  ;  S. Kaiser et al. PR B, 89, 184516 (2014) 

Melting of the  

competing order 

I. Stripe-Ordered Cuprate 𝐿𝐸𝑆𝐶𝑂1/8 

D. Fausti et al. Science 331, 189 (2011) 
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Motivation: Existing theoretical approaches 
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» Suppression of the competing order 

A. A. Patel and A. Eberlein, PR B 93, 195139 (2016) 

Z. M. Raines et al., PR B 91, 184506 (2015) 

» Amplification of the superconducting correlations  
(e.g. due to the increase of the DoS near the Fermi level)  

M. A. Sentef  et al., PR B 93, 144506 (2016) 

» Nonlinear phononics. Driving of Raman modes leads to the cubic coupling to 
an infrared phonon mode, which causes induced superconductivity 

R. Mankowski  et al., Nature 516, 71 (2014) 

→ Induced Superconductivity after pumping? 

→ Transient Meissner effect? Can we calculate this? 

→ Is the underlying physics special for cuprates? 

October 4, 2016 



1D Hubbard model in equilibrium 

Our strategy:  » calculate correlation function 
» calculate response function 
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1D Hubbard model in a nutshell 

𝐻 0 = −𝑡ℎ 𝑐 𝑖,𝜎
† 𝑐 𝑖+1,𝜎 + 𝐻. 𝑐.    +    𝑈 𝑛 𝑖↑𝑛 𝑖↓

𝑖

   +    𝑉 𝑛 𝑖𝑛 𝑗
𝑖,𝑗𝑖,𝜎

 

Extended Hamilton operator 

Kinetic term On-site interaction Nearest neighbor interaction 

Phase diagram 

» A “toy” model 

» Well studied in equilibrium 

» Very rich phase diagram 

J.Solyom, Adv. Phys. 28, 201 (1979) 

J.Voit, PR B 45, 4027 (1992), Rep.Prog.Phys. 58, 977 (1995) 

October 4, 2016 
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Two types of quenching 

𝐻 0 = −𝑡ℎ 𝑐 𝑖,𝜎
† 𝑐 𝑖+1,𝜎 + 𝐻. 𝑐.    +    𝑈 𝑛 𝑖↑𝑛 𝑖↓

𝑖

   +    𝑉 𝑛 𝑖𝑛 𝑗
𝑖,𝑗𝑖,𝜎

 

Extended Hamilton operator 

Kinetic term On-site interaction Nearest neighbor interaction 

𝐴 𝑡 = 𝐴0𝑒
− 𝑡−𝑡0

2/2𝜏2  cos [𝜔0(𝑡 − 𝑡0)] 𝑼 → 𝑼 + 𝚫𝐔 ⋅  Θ(𝑡 − 𝑡0) 

𝑽 → 𝑽 + Δ𝑉 ⋅  Θ(𝑡 − 𝑡0) 

Time dependence 

I) Interaction quench II) Pulse quench 

𝒕𝒉 → 𝒕𝒉 ⋅ 𝑒
𝑖𝐴(𝑡) Peierls substitution 

 𝜓(𝑡 + 𝛿𝑡) ≃  𝑒−𝑖𝐻 𝑡 𝛿𝑡 𝜓 𝑡  ≃ 𝑒−𝑖𝜖𝑙𝛿𝑡 𝜙𝑙  𝜙𝑙 𝜓(𝑡) 

𝑀

𝑙=1

 

→ Stepwise approximation of  𝜓 𝑡    

→ Lanczos method in time intervals 𝛿𝑡   

Time dependent exact diagonalization 

𝐴0 

𝜏 

October 4, 2016 
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Correlation functions 

Density-density correlation function 

𝐶 𝑗 =
1

𝐿
  𝜓  𝑛 𝑙+𝑗  𝑛 𝑙   𝜓

𝐿−1

𝑙=0

 

On-site correlation function 

𝑃1 𝑗 =
1

𝐿
     𝜓  𝑐 𝑙+𝑗↓

†  𝑐 𝑙+𝑗↑
†  𝑐 𝑙↑ 𝑐 𝑙↓  𝜓 

𝐿−1

𝑙=0

 

? 
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Results 
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Interaction quench 

CDW CDW 

SDW 

SDW 

V 

singlet SC triplet SC 

U 

phase separation 

Quench:  CDW → 𝑆𝐶 

𝑽 → 𝑽 ⋅  Θ(𝑡 − 𝑡0) 
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CDW CDW 

SDW 

SDW 

V 

singlet SC triplet SC 

U 

phase separation 

Induced SC? First indications 
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Induced SC? First indications 
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Transient Superconductivity 

October 4, 2016 
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Transient Superconductivity 

Time-dependent optical conductivity 

Transient Meissner effect ? 

𝜎 Δ𝑡, 𝜔 =  
𝑗pr(Δ𝑡, 𝜔)

𝑖 𝜔 + 𝑖 𝜂 𝐿 𝐴pr(Δ𝑡, 𝜔)
 

October 4, 2016 
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Pulse quench 

CDW CDW 

SDW 

SDW 

V 

singlet SC triplet SC 

U 

phase separation 

𝐴 𝑡 = 𝐴0𝑒
− 𝑡−𝑡0

2/2𝜏2  cos [𝜔0(𝑡 − 𝑡0)] 

𝒕𝒉 → 𝒕𝒉 ⋅ 𝑒
𝑖𝐴(𝑡) 

? 

October 4, 2016 



Optical conductivity 
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Mitrano et.al, Nature 530 (2016) 

Equilibrium: 
𝑇𝑐 = 20𝐾 
 

Nonequilibrium:  
Δ𝑡 = 1ps  

s-wave superconductor  𝑲𝟑𝑪𝟔𝟎 

normal state 

SC 
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Optical conductivity 
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Mitrano et.al, Nature 530 (2016) 

Equilibrium: 
𝑇𝑐 = 20𝐾 
 

Nonequilibrium:  
Δ𝑡 = 1ps  

s-wave superconductor  𝑲𝟑𝑪𝟔𝟎 

normal state 

SC 
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Outline 

Part 1 
Induced Superconductivity  

in the extended Hubbard Model 

Part 2 
Order parameter oscillations 

in Superconductors 
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optical control 

New! Higgs spectroscopy 

» New transient  ground state 

» Direct detection of the SC gap 

October 4, 2016 

N. Bittner, T. Tohyama, and D. Manske, in preparation 

H. Krull, N. Bittner, G. S. Uhrig, D. Manske, and A.P. Schnyder, 
Nat. Commun. 7:11921 (2016) 
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Collective modes in nutshell 

pair breaking 

𝐹 

ReΔ ImΔ 

phase fluctuation 
(gauge mode) 

Amplitude fluctuation 
(Higgs mode) 

P. W. Anderson (1963), P. W. Higgs (1964) 

» Phase (gauge) mode 

» Amplitude (Higgs) mode 

⇨ lies at 𝟐𝚫. Not detectable in Raman response 

⇨ No charge or dipole moment. Not seen by optical methods 

⇨ indirect detection in special cases possible 

One-band superconductor 

⇨ Shift to plasma frequency 
(Anderson-Higgs mechanism)  

M.-A. Measson et al., PR B 89, 060503 (2014), D. Sherman et al., Nat. Phys. 11, 188 (2015) 

October 4, 2016 
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Introduction: Collective modes in nutshell 

ReΔ ImΔ 

𝐹 

𝝎𝑳
𝟐 = 𝟒 𝜟𝟏  𝜟𝟐   

𝑽

𝑽𝟐𝟐 − 𝑽𝟏𝟏𝑽
𝟐

 

A. J. Leggett, Prog. Theor. Phys. 36, 901 (1966)  

G. Blumberg et al., Phys. Rev. Lett. 99, 227002 (2007) 

→ Direct detection of the Higgs mode in a superconductor? 

→ Is there a Josephson effect in nonequilibrium? 

» Leggett mode = out-of-phase vibration 
of the superconducting condensates 

⇨ has no analogy in the one band case 

⇨ intrinsic Josephson effect 

⇨ Experimental evidence in Raman response for MgB2 

P. W. Anderson (1963), P. W. Higgs (1964) 

» Phase (gauge) mode 

» Amplitude (Higgs) mode 

⇨ lies at 𝟐𝚫. Not detectable in Raman response 

⇨ No charge or dipole moment. Not seen by optical methods 

⇨ indirect detection in special cases possible 

One-band superconductor 

⇨ Shift to plasma frequency 
(Anderson-Higgs mechanism)  

M.-A. Measson et al., PR B 89, 060503 (2014), D. Sherman et al., Nat. Phys. 11, 188 (2015) 

Two-band superconductor 

October 4, 2016 



Method 

Shake the condensate!  
1. THz pulse 
2. short pulse width (non-adiabatic regime) 
3. low pulse fluency 
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Microscopic approach: 

» Hamiltonian for a two-band superconductor: 

» Assumptions: 

» Energy gap equations: 

(a) tetragonal lattice 

(b) s-wave order parameters 

BCS 𝐻 (𝑡) =     𝜖𝒌𝑙 𝑐 𝒌𝜎𝑙
† 𝑐 𝒌𝜎𝑙

𝒌𝜎

+  Δ𝑙(𝑡) 𝑐 𝒌↑𝑙
† 𝑐 −𝒌↓𝑙

† + ℎ. 𝑐. 

𝒌

2

𝑙=1

 

Δ2(𝑡) =  𝑉22 𝑐 −𝒌↓2
 𝑐 𝒌↑2 (𝑡) + 𝑉 𝑐 −𝒌↓1

 𝑐 𝒌↑1 (𝑡)𝑉11
𝒌

 

Δ1(𝑡) = 𝑉11 𝑐 −𝒌↓1
 𝑐 𝒌↑1 𝑡 + 𝑉 𝑐 −𝒌↓2

 𝑐 𝒌↑2 (𝑡)𝑉11
𝒌

 

with 𝑉 = 𝑉12/𝑉11 

October 4, 2016 
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Microscopic approach: 

(a) tetragonal lattice 

(b) s-wave order parameters 

BCS 

» Hamiltonian for a two-band superconductor in nonequilibrium: 

𝐻 (𝑡) =     𝜖𝒌𝑙 𝑐 𝒌𝜎𝑙
† 𝑐 𝒌𝜎𝑙

𝒌𝜎

+  Δ𝑙(𝑡) 𝑐 𝒌↑𝑙
† 𝑐 −𝒌↓𝑙

† + ℎ. 𝑐. 

𝒌

2

𝑙=1

 

−𝑒ℏ   
2𝒌 + 𝒒  ⋅ 𝑨𝒒(𝑡)

2𝑚𝑙
 𝑐 𝒌+𝒒𝜎𝑙

† 𝑐 𝒌𝜎𝑙
𝒌𝒒𝜎𝑙

+ 𝑒2   
 𝑨𝒒−𝒒′(𝑡) ⋅ 𝑨𝒒′(𝑡) 𝒒′

2𝑚𝑙
 𝑐 𝒌+𝒒𝜎𝑙

† 𝑐 𝒌𝜎𝑙
𝒌𝒒𝜎𝑙

 

» Assumptions: 

» Energy gap equations: 

coupling to the field 

pump pulse probe pulse 

Im 𝑨 

Re 𝑨 

𝐴0 𝜏  

Δ1(𝑡) = 𝑉11 𝑐 −𝒌↓1
 𝑐 𝒌↑1 𝑡 + 𝑉 𝑐 −𝒌↓2

 𝑐 𝒌↑2 (𝑡)𝑉11
𝒌

 

Δ2(𝑡) =  𝑉22 𝑐 −𝒌↓2
 𝑐 𝒌↑2 (𝑡) + 𝑉 𝑐 −𝒌↓1

 𝑐 𝒌↑1 (𝑡)𝑉11
𝒌

 with 𝑉 = 𝑉12/𝑉11 

October 4, 2016 
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Density Matrix Theory 

» Bogoliubov-Valatin transformation (superconducting state): 

𝛼𝒌𝑙
† = 𝑢𝒌𝑙𝑐 𝒌↑𝑙

† + 𝑣𝒌𝑙
∗ 𝑐 −𝒌↓𝑙

  𝛽𝒌𝑙
† = 𝑢𝒌𝑙𝑐 −𝒌↓𝑙

† − 𝑣𝒌𝑙
∗ 𝑐 𝒌↑𝑙

  

» Density matrix theory: 

𝑑

𝑑𝑡
𝑐 𝒌1𝑙
† 𝑐 𝒌2𝑙 =

𝑖

ℏ
 𝐻 , 𝑐 𝒌1𝑙

† 𝑐 𝒌2𝑙  +  
𝜕

𝜕𝑡
(𝑐 𝒌1𝑙

† 𝑐 𝒌2𝑙) 

yield equations of motions for the expectation values 

energy gap equation: 

» Derivation of the equations of motions for the Bogoliubov quasiparticle densities: 

𝛼𝒌𝑙
† 𝛼𝒌𝑙 𝑡 ,  𝛽𝒌𝑙

† 𝛽𝒌𝑙 𝑡 , 𝛽𝒌𝑙
 𝛼𝒌𝑙 𝑡 , 𝛼𝒌𝑙

† 𝛽𝒌𝑙
† 𝑡  

» Numerical solution by using a Runge-Kutta method 

Δ𝑙(𝑡) =   𝑉𝑙𝑗 𝑢𝒌𝑗𝑣𝒌𝑗 1 − 𝛼𝒌𝑗
† 𝛼𝒌𝑗 − 𝛽𝒌𝑗

† 𝛽𝒌𝑗 + 𝑢𝒌𝑗
2 𝛽𝒌𝑗

 𝛼𝒌𝑗 − 𝑣𝒌𝑗
2 𝛼𝒌𝑗

† 𝛽𝒌𝑗
†  (𝑡)

𝒌𝑗
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Results: two independent bands 
(single band solution) 
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Higgs excitation in nonequilibrium 

» Gaussian form of 
the laser pulses 

» Pulse duration 𝜏0  will become important! 

𝜏0 

(I) adiabatic (II) non-adiabatic 

October 4, 2016 
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Analytic solution possible 

Yuzbashyan, Tsyplyatyev, Altshuler, PRL 2006 

∞  

Δ

Δ∞
= 1 + Γ

cos
2 Δ∞
ℏ

𝑡 + Φ

𝑡Δ∞
 

» Analytical expression (interaction quench): 

Matsunaga et al., PRL 2013  

October 4, 2016 



Results: two coupled bands 
(Josephson effect in nonequilibrium) 
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Leggett mode in nonequilibrium? 

Pumping 

𝑉 = 0 
𝝎𝑯𝟐 𝝎𝑯𝟏 

October 4, 2016 
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Leggett mode in nonequilibrium? 

Pumping 𝝎𝑯𝟐 𝝎𝑯𝟏 

𝝎𝑳 𝝎𝑳 𝟐𝝎𝑳 𝝎𝑳 2𝝎𝑳 𝟐𝝎𝑳 
𝑉 ≠ 0 

October 4, 2016 
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New Legget mode in nonequilibrium: prediction 

» Amplitude-Phase mode coupling in nonequilibrium 

» Amplitude-channel: harmonic 𝟐𝝎𝑳 only present in nonequilibrium 

Amplitude-Phase mode 
coupling  

October 4, 2016 
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Intensity dependence 

Coherent control  
of modes is possible! 

Fluency [a.u.] 
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Optical conductivity (v=0.01) 

𝝎𝑳 𝝎𝑯𝟐 
2 Δ2  

𝝎𝑯𝟐 

𝝎𝑳 

» Pump-probe optical conductivity shows signatures of non-adiabatic dynamics 

𝝈𝟏(𝚫𝒕,𝝎) 

𝜎 Δ𝑡, 𝜔 = 𝑗(Δ𝑡, 𝜔)/ 𝑖𝜔𝐴pr(Δ𝑡, 𝜔)  

⇒ Oscillations in pump-probe response as a function of delay time 𝚫𝒕 

Δ𝑡 = 2.5ps 

October 4, 2016 
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Summary (Part 1): Quench vs. Pulse  

→ Enhancement of the on-site correlation function 

→ Transient Meissner effect 

→ Quench: direct into the new phase → Pulse: fingerprints of the new phase 
short after the pulse 

Time-dependent solution of the extended Hubbard model:  

October 4, 2016 
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Summary (Part 2) 

●  case 1: single band 
» Higgs oscillations in  
      the non-adiabatic regime, p <  

Micoscopic theory for ultrafast dynamics in superconductors 
employing Density Matrix Theory: 

What happens after the laser pulse? 

●  case 2: two bands (MgB2): predictions 
» Josephson coupling:  
     new Leggett mode detected 

» new dispersion 

» amplitude-phase coupling in nonequilibrium 

» higher harmonics can be observed 

October 4, 2016 



Thank you for your attention! 


