
Effective time reversal and echo dynamics in the
transverse field Ising model

Markus Schmitt, Stefan Kehrein
Institut für Theoretische Physik, Georg-August-Universität Göttingen

XX Training Course in the Physics of Strongly Correlated Systems,
Vietri sul Mare

Oct 2016



Effective time reversal and echo dynamics in the transverse field Ising model 1/ 14

Outline

1 Irreversibility in classical systems

2 Quantifying Irreversibility in Quantum Many-Body Systems

3 Echos in the transverse field Ising model

4 Turning on interactions

Markus Schmitt, U Göttingen



Effective time reversal and echo dynamics in the transverse field Ising model 2/ 14

Irreversibility in classical systems

H-Theorem

dS

dt
≥ 0

This provides an analytical
proof of the Second Law [...]

[Boltzmann, 1872]

Loschmidt’s paradox

Obviously, in every arbitrary
system the course of events
must become retrograde when
the velocities of all its elements
are reversed.

[Loschmidt, 1876]

[Image source: Wikipedia]

Irreversibility - “Then try and do it!”

The dynamics of a system are irreversible if it is practically impossible to induce
the evolution from a uniform (disordered) state to an ordered state, although
the other direction is well possible.

Markus Schmitt, U Göttingen
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Quantifying irreversibility in quantum systems

The protocol [Peres, PRA (1984)]

Consider imperfect effective time reversal

H → −H+εV

in an echo experiment

|ψ0〉
e−iHτ

7→ |ψ(τ)〉 e
i(H−εV )τ

7→ |ψ(2τ)〉
?
≈ |ψ0〉

Loschmidt echo

Natural measure for
resemblance the of q.m. states

L(τ) = |〈ψ0|ψ(2τ)〉|2

[Gorin et al., Phys. Rep. (2006);

Jacquod and Petitjean, Adv. Phys.

(2009)]

Eigenstate Thermalisation Hypothesis
[Deutsch, PRA (1991); Srednicki, PRE (1994); Rigol et al., Nature (2008)]

Close-by energy eigenstates, although orthogonal,

|〈Ei|Ei+1〉| = 0

are indistinguishable by local observables,

|〈Ei|O|Ei〉 − 〈Ei+1|O|Ei+1〉| ∼ dim(H)−1/2 .

Measuring (ir-)reversibility in quantum many-body systems

Only observables can be used to quantify (ir-)reversibility in experiment.

E∗[X] =
|Xte −X∞|
|X0 −X∞|

Markus Schmitt, U Göttingen
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Experimental realisation

NMR and Magic Echo techniques

Experiments on dipolar-coupled spins

H =
∑
i<j

bij
(
~Si · ~Sj − 3Szi S

z
j

)
Magic echo technique: H → − 1

2
H + εV

[Rhim et al., PRB (1971);

Schneider and Schmiedel, PLA (1969)]
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FIG. 4. Oscilloscope trace of the F transient magnetiza-19

tion in CaF2 using the pulse sequence of Fig. 1(c). Following
the initial free induction decay a time-reversing burst
(B) is applied at the noise-free section of the trace and
an echo then appears, ta ——88 psec, tz ——350 psec. This
is the experiment described by the simple picture of
Fig. 2.

shape and beat structure are again preserved by
our phase-alternation technique.

In this experiment, we have obtained substantial
echoes for burst lengths of up to 650 p. sec, meaning
a recovery of the magnetization after about 1 msec
from the. first 90' pulse. The reasons for decay
of the echo amplitude are discussed later and are
probably dominated by machine instabilities and
errors. Figure 6 demonstrates that the same ef-
fect may be obtained by using a train of narrow

phase-alternated 90„pulses in the time -reversing
sequence instead of the contiguous n~ pulses, since
the secular part of the Hamiltonian is the same for
both. A nice featur e of this experiment is the direct
observation of the rotary echo during the pulse train.
The efficiency of this pulse train for longerbursts,
however, is lower than that of l(a) if compared
using the same average rf power. This point is
brought up again in Sec. V.

t~ = 2tD corresponds to the peak of the rotary
echo and Fig. 7 shows the signal observed in an
experiment where the burst is terminated soon
after this point without the final 90, pulse. We
see a large recovery of the magnetization with
to = 133 p, sec, which is substantially larger than
Ta. (The negative signal is due to a peak negative
value in the oscillation caused by a pulse width
misadjustment or by change of the nutation angle
due to rf power droop during the burst. )

Figure 8 shows that if we apply an additional time-
reversing sequence at 7 = 2t D another echo appears,
and this may of course be extended to multiple echoes
in a manner analogous to that of Carr and Pur-
cell. ' The efficiency with which these echoes
are summoned suggests that such echo trains
might form the basis of a powerful approach to
the problem of line narrowing in solids. This is
treated briefly in Sec. V.

As a final demonstration of a simple application of
the time-reversing sequence, let us look at the experi-
ment of Fig. 9which employs the pulse sequence in
Fig. 1(e)with 8 =

ceo 

'. The first 90,pulse following the
free induction decay produces the well-known "solid
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FIG. 5. Experiment designed to show the evolution of
the magnetization during the rf burst in an experiment
like that of Fig. 4. This is done as in Fig. 3 by omitting
the final 90 ~ pulse from the pulse train which follows
the free induction decay (closed circles) and plotting the
magnetization immediately following the burst vs burst
length (open circles). The oscillations were again intro-
duced deliberately as explained in the text. The en-
velope shows the "rotary echo" and note again the in-
tact beat structure characteristic of the ~~F signal in
CaF2.
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FIG. 6. Pulsedversionof the experiment in I igs. 4and 5.

In this experiment, the time-reversing sequence (B) in pulse
sequence j.(c) was modified by replacing the contiguous
(n&) „and(n&) „pulses with a train of alternate 90„and
90 ~ pulses spaced 5 @sec apart. In addition to the free
induction decay and echo, observed as in Fig. 4, we see
the "rotary echo "of Fig. 5 during the "windows" in the
pulse train.

Other options for experimental realisation

• Highly controllable quantum simulators
[Bloch et al., Nature Physics (2012); Georgescu et al., Rev. Mod. Phys. (2014)]

• Recent theoretical result: time
reversal by periodic driving
[Mentink et al., Nature Comm. (2015)]

Markus Schmitt, U Göttingen
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Echos in the transverse field Ising model

The transverse field Ising model

The Ising spin chain in a transverse
magnetic field

H(g) = −J
∑
i

Szi S
z
i+1 + gJ

∑
i

Sxi

is a free fermion model.

· All quantities are computed analytically.

Mapping to free fermions [Pfeuty, Ann. Phys. (1970)]

H(J, g) = J

(
−
∑
i

Szi S
z
i+1 + g

∑
i

Sxi

)
l Jordan-Wigner + Fourier transformation

=
∑
k>0

(
c†k c−k

)(dzk(g) −idyk
idyk −dzk(g)

)(
ck
c†−k

)
, {ck, c†k′} = δk,k′

l Bogoliubov rotation

=
∑
k

εk(g)λ†kλk , εk(g) =
√
g2 − 2g cos k + 1

Computation of magnetisation and correlation functions in the ground state
[Lieb et al., Ann. Phys. (1961)]

〈O〉 = fO [dyk, d
z
k(g)]

Imperfect effective time reversal

The echo operator for our protocol is

Ug,δgE (t, τ) =

{
e−iH(g)τ , t < τ

eiH(g+δg)(t−τ)e−iH(g)τ , t > τ

Markus Schmitt, U Göttingen
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Echos in the transverse field Ising model

〈mx〉t

〈Szi Szi+2〉t
r(t)

time

• Note the shift of the echo peak

te = (1 + ν)τ 6= 2τ

• Reason: Quasiparticle velocities of H(g) and H(g + δg) differ.

Markus Schmitt, U Göttingen
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Echos in the transverse field Ising model

Transverse magnetisation

• Algebraic decay for τ � τ∗, (τ∗)−1 ∝
(
εgk − νε

g+δg
k

)′′
k=k∗

E∗τ [〈mx〉] ≈ βg,δgk∗ τ−1/2

• Echo peak height at τ∗ independent of δg.
Markus Schmitt, U Göttingen
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Echos in the transverse field Ising model

Longitudinal spin-spin correlation ρzzn = 〈Szi Szi+n〉

• Exponential-looking decay for ṽmaxτ � d, ṽmax = max
k

d
dk

(εgk − ν
g,gδ
k∗ ε

gδ
k )

· also found in simple quench dynamics [Calabrese et al., J.Stat.Mech. (2012)]

• Algebraic decay ∝ τ−1/2 for long forward times

Markus Schmitt, U Göttingen
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Echos in the transverse field Ising model

Entanglement entropy

SA = tr [ρA log ρA] , ρA = trB [ρ]

Markus Schmitt, U Göttingen
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An alternative time reversal protocol

Consider the local Hamiltonian

HP = −α
∑
j

(Sxj S
y
j+1 + h.c.) = 2α

∑
k

sin k
[
λ†kλ

†
−k + λ−kλk

]
A pulse

e−iHP tP =
∏
k

[
cos(2αtP sin k)− i sin(2αtP sin k)(λ†kλ

†
−k + λ−kλk)

]
leads to an imperfect inversion of the mode occupation nk = 〈λ†kλk〉. Hence,

eiHP tP e−iHτe−iHP tP = ei(H+δH)τ

〈mx〉t

〈Szi Szi+2〉t
r(t)

time

Markus Schmitt, U Göttingen
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An alternative time reversal protocol

Echos in transverse magnetisation

· The transverse magnetisation never decays:

〈mx〉te=2τ = 〈mx〉∞ + 〈mx〉E + 〈mx〉τ

〈mx〉E =
1

2

∫
dk

2π
sinφg,g0k (1− cos(4αtP sin k))

Markus Schmitt, U Göttingen
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Turning on interactions

A longitudinal field component adds interactions

H = −J
∑
i

Szi S
z
i+1 − hx

∑
i

Sxi − hz
∑
i

Szi

Dynamics computed by iTEBD.

The iTEBD cycle [Kjäll et al., PRB (2013)]

U(∆t)

|ψ(t)〉
i j

|ψ(t+ ∆t)〉

i j i j

SVD
0

0.2

0.4
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0.8

1
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non-interacting

hx = 0.3
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m
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〈m
x
〉 0
−
〈m

x
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∣ ∣ ∣

Jt

interacting

hx = 0.3
δhx = 0.05
hz = 0.1

· Interactions change the decay characteristics drastically.
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Turning on interactions

The role of integrability

The (dimerised) anisotropic spin-1/2 Heisenberg chain

H = J
∑
n

(1 + (−1)nδ)(SxnS
x
n+1 + SynS

y
n+1) + Jz

∑
n

SznS
z
n+1

Dynamics computed by Lanczos propagation (”ED”).

0.1
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0 5 10 15 20
0.1

1

0 5 10 15 20

E
∗ τ(
〈S

z i
S
z i+

2
〉)
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2
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e−ατ
2
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0.08
0.1

0.12

E
∗ τ(
〈S

z 2
iS
z 2
i+

2
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2
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δJz = 0.04
0.06
0.08
0.1

0.12
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Conclusions

Echo peak decay of observables under imperfect effective time reversal:

· non-interacting

[Schmitt and Kehrein, EPL 115 (2016)]

· interacting

∝ τ−1/2

∼ const. ∝ e−ατ
2

Open questions

• Analytical understanding for interacting systems

• Connection to OTOCs: 〈V (t)W (0)V (t)W (0)〉 [Maldacena et al. (2015)]

Markus Schmitt, U Göttingen
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